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ABSTRACT 
 

In this paper, we study the numerical approach of MHD Casson fluid flow over a permeable 
stretching sheet with heat and mass transfer taking into cognizance the various parameters 
present. A set of suitable local similarity transformations are used to non-dimensionalize the 
governing equations of the present problem. The system of ordinary differential equations are 
solved numerically by MATLAB bvp4c solver. The effect of the involved parameters on Velocity, 
Temperature, and Concentration, Skin friction coefficient, Nusselt number and Sherwood number 
has been studied and numerical results are presented graphically and in tabular form. The 
numerical results are in good agreement with those of the results previously published in the 
literature. 
 

 
Keywords: Casson fluid; chemical reaction; MHD, radiation; non-newtonian fluid; heat and mass 

transfer. 
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1. INTRODUCTION 
 
The importance of non-Newtonian fluids are 
found in several branches of engineering 
applications especially in the extraction of crude 
oil from petroleum products, such as polymer 
processing and nuclear fuel debris treatment. 
Other areas include paper production, 
manufacturing of food, drugs, flow of blood and 
flow of plasma. In all cases, non-Newtonian fluids 
are more appropriate than Newtonian. In order to 
know the characteristics of non-Newtonian fluid 
and their applications, it is necessary to study 
their behavior. Casson fluid model is one kind of 
non-Newtonian fluid model proposed by Casson 
[1]. This fluid can be defined as shear thinning 
fluid example Honey, jelly, and human blood are 
considered as Casson fluids. This fluid is 
reduced to Newtonian fluid at a very high shear 
stress. Magnetohydrodynamic (MHD) is also a 
non‐Newtonian fluid which is a branch of fluid 
dynamics that deals with the dynamics of 
electrically conducting fluids. Examples of such 
fluids include salt water and liquid metals Moreau 
[2].  
 
Many investigators (Prasad et al. [3] and Rao et 
al. [4]) had considered modelling laminar 
transport phenomena in a Casson rheological 
fluid from a horizontal circular cylinder with partial 
slip. MHD flow of a Casson fluid due to an 
impulsively started moving flat plate was 
considered by Mustafa et al. [5]. Hayat et al. [6] 
reported Soret and Dufour Effects on magneto 
hydrodynamic flow of Casson fluid. Pramanik [7], 
Bhattacharya et al. [8], Bhattaacharyya [9], 
Mukhopadhyay et al. [10] and Qasim and Noreen 
[11] had studied related work of Casson fluid flow 
and heat transfer past an exponentially porous 
stretching surface in the presence of thermal 
radiation with different boundary conditions. 
 
Recent advancements in the study of MHD 
Casson fluid flow, Ramanuja and Nagaradhika 
[12] investigated MHD analysis of Casson fluid 
through a vertical porous surface with chemical 
reaction. Numerical investigation with stability 
convergence analysis of chemically 
hydromagnetic Casson fluid flow in the effects of 
thermophoresis and brownian motion was 
observed by Mondal et al. [13]. Hasan and 
Rahman [14] had examined Casson fluid flow 
and heat transfer over a permeable vertical 
stretching surface with magnetic field and 
thermal radiation. Analytical study of 
Magnetohydrodynamic oscillatory viscoelastic 
flow with radiation and constant suction over a 

vertical flat plate in a porous medium was 
reported by Asogwa et al. [15]. Das,  et al. ([16] & 
[17]) investigated hydromagnetic flow of a heat 
radiating chemically reactive Casson nanofluid 
past a stretching sheet with convective boundary 
conditions. Animasaun [18] studied Effects of 
thermophoresis, variable viscosity and thermal 
conductivity on free convective heat and mass 
transfer of non‐darcian MHD dissipative Casson 
fluid flow with suction and nth order of chemical 
reaction.   
 
Further, researchers, Ibrahim and Makinde [19], 
Benazir et al. [20] Asogwa [21], Mukhopadhyay 
[22] and Nadeem et al. [23] had investigated 
MHD flow of a Casson fluid over an exponentially 
shrinking sheet. Rizwan et al. [24], Hussain et al. 
[25] and Kameshwaran et al. [26] had observed 
Dual solutions of Casson fluid flow over 
Stretching or Shrinking sheet.  
 
Motivated by the above studies, we have made 
the endeavor to explore the influence of different 
physical parameters on the MHD Casson fluid 
flow over a permeable stretching sheet with heat 
and mass transfer in the presence of convective 
boundary conditions in both temperature and 
concentration with wall velocity. The system has 
also been incorporated with magnetic field and 
Casson parameter for both temperature and 
velocity.  
 
The governing partial differential equations are 
reduced into the system of ordinary differential 
equation by using a suitable similarity 
transformation. Those equations have then been 
converted into a system of first‐order boundary 
value problem and solved using the MATLAB 
program bvp4c. The numerical results are 
compared with the results in the existing 
literature, and it is found to be in good 
agreement. The influence of various pertinent 
parameters of the present model on the flow 
field, velocity, temperature and concentration has 
been analyzed through different graphs and 
tables.  
 
The current study investigates the numerical 
solutions for a unique class of nonlinear 
differential equations generated by heat and 
mass transfer of a permeable stretching sheet is 
obtained. Casson fluid model is used to classify 
the non-Newtonian fluid behaviour. Using the 
similarity transformations, the governing 
equations have been reduced into a system of 
ordinary differential equations. These differential 
equations are nonlinear which cannot be solved 
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analytically. Hence, MATLAB bvp4c solver has 
been used for solving it. The flow fields for heat 
and and mass transfer are significantly affected 
by the physical parameters. 
 

2. MATHEMATICAL FORMULATION 
 

Consider a steady two dimensional boundary 
layer MHD flow of a viscous incompressible 
electrically conducting fluid along a permeable 
vertical stretching sheet with thermal radiation. 

Dual equal and opposite forces are introduced 
along the x-axis so that the sheet is stretched 
keeping the origin fixed y=0 as shown in Fig. 1. A 

magnetic field 0B  of uniform strength is applied 

in �-direction. The effect of the induced magnetic 
field is not completely neglected in comparison to 
the applied magnetic field away from the plate. 
Here �-axis is taken along the direction of the 
plate and �-axis normal to it. 

 

 
 

Fig. 1. Schematic diagram of the model

  
The rheological equation of state for an isotropic and incompressible flow of a Casson fluid is as 
follows. 
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Where B  is the plastic dynamic viscosity of non-Newtonian fluid, and yp is the yield stress of the 

fluid, ij ije e   and ije  are the ( , )
thi j  component of the deformation,   is the product of the 

component of deformation rate with itself, c  is the critical value of   based on non- Newtonian 

model. The governing equations for the steady boundary layer flow of non-Newtonian Casson fluid 
can be written as follows 
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With the following boundary conditions: 
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Where u  and v  are the velocity components in the x and y directions,   is the kinematics viscosity, 

x  is the assumed wall velocity and wv  is the Suction velocity, cK is the chemical reaction term, T  is 

the fluid temperature, C  is the mass concentration, g is the gravitational constant, 1  and 2  are 

the thermal expansions of fluid and concentration, 
2 c

B

yP


 

 
   

 
 is the Casson fluid parameter, 

is the fluid density, pC  is the specific heat capacity, k  is the thermal conductivity, D  is the  diffusion 

term, 0B is the magnetic field and rq  is the  radiative heat flux. 

 
Assuming the Rosseland approximation is 
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* is the Stefan Boltzmann, *k  is the mean absorption effect for thermal radiation constant. We 

assume that the temperature differences within the flow are sufficiently small such that 
4T can be 

expanded in a Taylor series about T and neglecting higher order terms gives 

 
4 3 44 3T TT T                                                                                                                                   (8) 

 
Hence (7) becomes  
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Substituting (9) into (4) gives  
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The similarity variables are 
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Where   is the stream function defined as u
y





and v

x


 


which satisfies the continuity 

equation (2). By using this definition, we obtain: 
 

( )u vxf  ,  ( )v v f                        (12) 

 
Substituting equations (11) and (12) into equations (3), (5), (6) and (10) above, the transformed 
equations become: 
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3. SKIN FRICTION, HEAT, AND MASS TRANSFER COEFFICIENTS 
 
The local skin friction coefficient, and rate of heat and mass transfer, respectively, are 
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4. METHODOLOGY 
 
4.1 Numerical Solution Using Collocation Method 
 
The first order differential equations are obtained from equations (13) to (15) using the following 

relations: Let 1f x , 2f x  , 3f x  , 4x  , 5x  , 6x  , 7x  .  

 
Hence, the following system is generated 
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4 5x x 
 

 
 

 

6 7x x 
 

 

7 1 7 6x Sc x x ScKx     

 
The above system is solved using a MATLAB boundary valued problem solver called bvp4c. This 
inbuilt program solves boundary value problems for differential equations of the form  
 

 x f x y p  ,  a b  by implementing a collocation method subject to general nonlinear, two 

point boundary conditions g(x(a), x(b), p). Where p is a vector of unknown parameters Shampine and 

Kierzenka [27]. 
 

5. RESULTS AND DISCUSSION 
 
Using the inbuilt bvp4c embedded on MATLAB 
software package, the solutions are obtained for 
the velocity, temperature and concentration fields 
respectively, taking into cognizance the effects of 
the parameters present namely; Radiation effect, 
Casson parameter, Thermal grashof number, 
Mass grashof number, Chemical reaction, 
Hartmann number, Suction parameter, Eckert 
number, Prandtl and Schmidt numbers. The 
solutions of the model have been presented in 
graphs and tables. The effects of various 
parameters have been depicted in Figs. 2–17, 
whereas the shear stress, Nusselt number, and 
rate of mass transfer have been computed and 
presented in Table 2. The present study is also 
compared (Table 1) with the available results of 
Das et al. [16] and found to be in good 
agreement.  

 
In this study, the fixed values of the         
governing parameters are taken as 0.5  , M = 

1.0,  

 
Pr = 0.71, Gr =Gc =3, Sc = 0.3, K = 0.3, η = 1.0, 
fw = 0.5, K =0.5, Ec=0.1 

From Fig. 2. It is observed that the fluid velocity 
decreases with increasing values of the magnetic 
parameter M. An opposite force is developed in 
the direction of the fluid flow due to the presence 
of magnetic field, which is called the Lorentz 
force. The Lorentz force has a tendency to 
reduce the momentum boundary layer thickness. 
Hence, Lorentz force provides resistance to  
flow. 
 

Fig. 3. Temperature increases with increase in 
the magnetic field strength M which implies that 
under the action of a magnetic field in an 
electrically conducting fluid a resistive force is 
developed which causes reduction of flow and an 
enhancement of temperature. 
 

Fig. 4. It is observed that the velocity increases 
with an increase in the values of Casson 
parameter. It is important to note that an increase 
in Casson parameter makes the velocity 
boundary layer thickness shorter. It is further 
observed from this graph that when the Casson 
parameter is large enough, the non-Newtonian 
behaviors disappear, and the fluid purely 
behaves like a Newtonian fluid. Thus, the velocity 
boundary layer thickness for Casson fluid is 
larger than the Newtonian fluid. It occurs 
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because of plasticity of Casson fluid, when 
Casson parameter decreases the plasticity of the 
fluid increases, which causes the increment in 
velocity boundary layer thickness. 

 
Fig. 5. It is observed that the fluid temperature is 
enhanced with a rise in Casson parameter and 
Joule heating within the wall of the plate. This 
may be attributed to additional internal heat 
generated within the fluid due to flow resistance 
caused by Lorenz force in the magnetic field. 
 

The nature of Prandlt number �� on 
dimensionless velocity and temperature profiles 
have been displayed in the Figs. 6 and 7. The 
velocity and temperature profiles decrease when 

the values of Pr increases. Prandtl number 
signifies the ratio of momentum diffusivity to 
thermal diffusivity. This implies that fluids with 
lower �� have higher thermal conductivity. So 
heat can defuse from the sheet faster than for 
higher Prandtl number fluids. 
 
Figs. 8 and 9 display the effect of                            
Schmidt number (Sc) on the velocity and 
concentration profiles. It is noticed that the 
values of Schmidt number increases with 
decreasing flow of the velocity and concentration 
profiles. This validates that the heavier diffusing 
species have a greater retarding effect on the 
velocity and concentration profiles of the flow 
field. 

 

 
 

Fig. 2. Variation of M on velocity profiles 
 

 
 

Fig. 3. Variation of M on temperature profiles 
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Fig. 4. Variation of   on velocity profiles 

 

 
 

Fig. 5. Variation of  on temperature profiles 

 

 
 

Fig. 6. Variation of Pr on velocity profiles 
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Fig. 7. Variation of Pr on temperature profiles 
 

Fig. 10 Shows the disparity of the velocity profile 
for various values of the thermal grashof number. 
It is found from this figure that the velocity profile 
increases by increasing the values of Gr. The 
Grashof number signifies the relative effect of the 
thermal buoyancy force to the viscous 
hydrodynamic force in the boundary layer. It is 
seen that there is a rise in the velocity due to the 
enhancement of thermal buoyancy force.  

 
Fig. 11 Shows the variation of the velocity profile 
for various values of the mass grashof number. It 
is seen from this figure that the velocity profile 
increases by increasing values of Gc. An 
increase in Grashof number Gc for mass transfer 
increases the skin friction and declines the rate 

of heat transfer. Gc is the ratio of the species 
buoyancy force to the viscous hydrodynamic 
force. 
 
The behavior of suction parameter �� on 
velocity, temperature and concentration profiles 
can be found in Figs. 12, 13 and 14. It is 
observed that when wall suction is increased, 
this causes a decrease in the boundary layer 
thickness and the velocity field is reduced. Again 
temperature and concentration fields decreases 
with increasing suction. The temperature and 
concentration fields become much more 
suppressed because of increased suction. So, 
this parameter has dominating effects on 
velocity, temperature and concentration profiles. 

 

 
 

Fig. 8. Variation of Sc on velocity profiles 
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Fig. 9. Variation of Sc on concentration profiles 
 

 
 

Fig. 10. Variation of Gr on velocity profiles 
 

 
 

Fig. 11. Variation of Gc on velocity profiles 
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Fig. 12. Variation of fw on velocity profiles 
 

`  
 

Fig. 13. Variation of fw on temperature profiles 
 

 
 

Fig. 14. Variation of fw on concentration profiles 
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Fig. 15. Variation of R on temperature profiles 
 

 
 

Fig. 16. Variation of Ec on temperature profiles 
 

Table 1. Comparison of skin friction coefficient of the present model with the results in the 
literature of Das et al. [16], Pr=0.71, Sc=0.3, Gr=Gc=3, 0.5  , M=1.0, fw = 0.5 

 
Pr Sc Gr   Das et al. [16] Present result 

0.3 0.3 3 0.5 1.029919 1.029901 
0.71 0.6 3 0.5 1.291663 1.291654 
0.3 0.3 3 0.5 0.856995 0.855768 
0.3 0.78 5 0.5 0.939520 0.939727 
0.3 2.01 3 1       - 1.130220 
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Table 2. Numerical values of skin friction, nusselt number, and sherwood number for various parameters governing the model 
 

M K R Sc Pr Ec fw Gr Gc   1
1 (0)f



 
 

 
 

(0)    (0)   

1.0 0.1 0.1 0.3 0.7 0.2 0.5 2.0 2.0 0.5 1.111236 0.1115 0.1005 
1.0 0.1 0.1 0.3 0.7 0.3 1.0 2.0 2.0 0.5 1.121004 0.2225 0.1201 
1.5 0.5 0.1 0.3 0.7 0.2 1.0 3.0 2.0 0.5 1.123600 0.2996 0.1220 
1.5 0.1 0.1 0.3 1.0 0.3 1.0 3.0 2.0 0.5 1.125568 0.1220 0.1350 
1.5 0.2 0.1 0.3 1.0 0.2 1.0 3.0 2.0 0.5 1.150004 0.1350 0.1435 
1.5 0.1 0.1 0.3 0.7 0.2 2.0 3.0 2.0 0.5 1.261704 0.2225 0.1466 
1.5 0.1 0.2 0.3 0.7 0.2 2.0 3.0 2.0 0.5 1.291658 0.2335 0.1498 
2.0 0.1 0.2 0.3 0.7 0.2 2.0 3.0 2.0 0.5 1.298855 0.2996 0.1591 
3.0 0.2 0.2 0.3 0.7 0.2 2.0 3.0 2.0 0.5 1.355500 0.3220 0.1600 
1.0 0.3 0.2 2.0 1.0 0.2 3.0 3.0 2.0 0.5 1.445453 0.4550 0.1015 
2.0 0.5 0.2 0.3 1.0 0.2 3.0 3.0 2.0 0.5 1.879780 0.4568 0.1759 
2.0 0.5 0.2 0.3 3.0 0.2 1.0 3.0 2.0 3.0 1.100444 0.6070 0.1811 
2.0 0.5 0.2 0.3 3.0 0.2 1.0 3.0 2.0 5.0 1.000524 0.6775 0.1842 
3.0 0.6 0.2 0.3 3.0 0.2 2.0 3.0 2.0 5.0 1.004561 0.9898 0.1802 
0.5 0.5 0.2 0.6 7.0 0.2 2.0 3.0 2.0 5.0 2.451604 1.00298 0.2055 
0.5 2.0 0.3 0.6 7.0 0.2 2.0 3.0 2.0 5.0 2.516337 1.00770 0.26759 



 
 
 
 

Asogwa and Ibe; JERR, 16(2): 10-25, 2020; Article no.JERR.59695 
 
 

 
23 

 

 
 

Fig. 17. Variation of K on concentration profiles 
 

Fig. 15 Depicts the temperature profile for 
various values of radiation (R). It is found from 
this figure that the temperature profile increases 
by increasing values of R. The radiation 
parameter R defines the relative contribution of 
conduction heat transfer to thermal radiation 
transfer. It is obvious that an increase in the 
radiation parameter results to an increasing 
temperature within the boundary layer. 
 

Fig. 16 Temperature profile for various values of 
Eckert number (Ec). It is found from this figure 
that the temperature profile increases by 
increasing values of Ec.  
 

Fig. 17 Depicts the disparity of the concentration 
profile for various values of the reactive 
parameter (K). It is observed from this figure that 
the concentration profile decreases by increasing 
the values of K. It is also observed that a 
destructive reaction greater than zero reduces 
the concentration profile.  
 

6. CONCLUSION 
 

In this research article, a study of MHD Casson 
fluid flow over a permeable stretching sheet with 
heat and mass transfer has been investigated. 
Some of the significant points of the present work 
are listed as below: 

 
1. Velocity profile decreases with increasing 

values of  , M, Pr, Sc and fw while Gr 

and Gc increases with increasing values.  
2. The fluid temperature and concentration 

profiles reduces with increasing values of 
Pr, K and Sc respectively. 

3. Heat and mass transfer rate are not highly 
significant with the Casson number.  

4. Nusselt number and Sherwood number 
display an increasing nature with growing 
values of magnetic parameter. 

5. An increase in the values of Sc enhances 
the skin friction and the heat transfer rate 
near the plate, while an increase in the 
values of Pr, heat transfer rate is reduced 

6. The skin friction decreases with increase in

 . 

7. When K increases, the shear stress and 
the heat transfer rate near the plate get 
enhanced but reverse trend is being 
observed in case of mass transfer rate with 
increasing values of M. 
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