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Abstract

Our goal in this paper is to prove some fixed point and common fixed theorems for contractive type maps
in a CMS over Banach algebra, which unify, extend and generalize most of the existing relevant fixed
point theorems from Shaoyuan Xu and Stojan Radenovic [1]. We provide illustrative example to verify
our results.
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1 Introduction

As a generalization of metric spaces, cone metric spaces were scrutinized by Huang and Zhang in 2007 (see
[2]). In CMS (cone metric space) X, d(u, v) foru,v € X is a vector in an ordered Banach space E, quite
apart from that which is a non-negative real number in general metric spaces. They presented the version of
the Banach contraction principle and other fundamental theorems in the setting of cone metric spaces.
Afterwards, by omitting the assumption of normality in the theorems of [2], Rezapour and Hamlbarani [3]
established some fixed point theorems, as the generalizations and extensions of the analogous results in [2].
Besides, they gave a number of examples to vouch the existence of non-normal cones, which proves that
such generalizations are significant. For more details, we refer the reader to [3-15].

Newly, Liu and Xu [16] familiarized the idea of CMS over Banach algebras (which were called CMS over
Banach algebras in [16]), replacing Banach spaces by Banach algebras as the underlying spaces of CMS.
They replaced the Banach space E by a Banach algebra A and familiarized the idea of CMS over Banach
algebras. In this manner, they vouched some fixed point theorems of generalized Lipschitz mappings with
natural and weaker conditions on generalized Lipschitz constant h by means of spectral radius. For more
details, we refer the reader to [16,1,17].

2 Preliminaries

For the sake of reciter, we shall recollect some fundamental concepts and lemmas. We begin with the
following definition as a recall from [16].

Let A always is a real Banach algebra. Then V u, v,w € 4, ¢ € R, we have

1. (uv)w =ulvw);

2. uv+w)=uw+uwand (u+v)w =uw+ vw,
3. a(uv) = (aw)v = u(av);

4. luv|l < llullliv]l.

We shall assume that a Banach algebra has a multiplicative identity e such that eu = ue = u,Vu € A. An
element u € A is said to be invertible if there is an inverse element v € A such that uv = vu = e. The
inverse of u is denoted by u™1. For more details, we refer the reader to [18].

The following proposition is given in [18].

Proposition 2.1 Let A be a Banach algebra with a unit e, and u € A. If the spectral radius p(u) of u is less
than 1, i.e.,

1 1
p(w) = linfu™|l= = influ(|» <1,
n—-oo

then e — u is invertible. Actually,

[ee)

(- =y

i=0

Remark 2.2 From [18] we see that the spectral radius p(u) of u satisfies p(u) < [|u|l,Vu € A, where Ais a
Banach algebra with a unit e.

Remark 2.3 (see [18]) In Proposition 2.1, if the condition ‘p(u) < 1 is replaced by '|Ju|| < 1', then the
conclusion remains true.
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A subset P of A is called a cone of A if

P is nonempty closed and {6, e} C P;
6P + uP c P for all nonnegative real numbers &, i;
. PP=PPcPp;

w e

where 6 denotes the null of the Banach algebra A. For a given cone P € A, we can define a partial ordering
< with respect to Pby u < vif and only ifv- u € P.u < vwill stand for u < vand u # v, while u K v
will stand for v — u € i nP, where i nP denotes the interior of P. If i nt P+ @, then P is called a solid cone.

The cone P is called normal if there is a number M > 0 such that, Vu,v € 4, 0 < u < v = |lull < M||v||.
The least positive number satisfying the above is called the normal constant of P (see [2]).

In the following we always assume that A is a Banach algebra with a unit e, P is a solid cone in 4 and < is
the partial ordering with respect to P.

Definition 2.4 (see [2, 16,19]) Let X be a nonempty set. Suppose that the mapping d.: X X X — A satisfies

1. 6<d.(wv),YVuveXandd,.(u,v) =60 & u=rv;
2. d.(w,v)=d.(v,u),VuveLjX,
3. d.(u,v) <d.(u,w)+d.(w,v),Vu,v,weX.

Then d, is called a cone metric on X, and (X, d.) is called a cone metric space (CMS) over Banach algebra
A.

Definition 2.5 (see [2,16,19]) Let (X, d.) be a CMS over a Banach algebra A, u € X and let {u, }y=o € X be
a sequence. Then:

1. {u,}y-, converges to uwhenever for each ¢ € A with ¢ > 6,3 a natural number N such that
d.(u,,u) L cforalln = N. We writel i gl U, = U or u,, » u (n = ).

2. {uy}r-o is a Cauchy sequence whenever for each ¢ € A with ¢ > 0,3 a natural number N such that
d.(up, upy) K cforalln,m > N.

3. (X,d,) is a complete CMS if every Cauchy sequence is convergent in X.

Now, we shall appeal to the following lemmas in the sequel.

Lemma 2.6 (see [20]) If E is a real Banach space with a cone P and if b < ub withb € Pand 8 < b <
1,then b = 6.

Lemma 2.7 (see [10]) If E is a real Banach space with a solid cone P and if 8 < x < ¢ for each 6 < c, then
x=6.

Lemma 2.8 (see [10]) If E is a real Banach space with a solid cone P and {x,} € P is a sequence
with ||x,]| = 0 (n = ) then for any 6 < ¢, 3 N € N such that, for any n > N, we have x,, < ¢, i.e. x,, is a
c-sequence

Finally, let us recall the concept of generalized Lipschitz mapping defining on the CMS over Banach
algebras, which is introduced in [16].

Definition 2.9 (see [16]) Let (X,d.) be a CMS over a Banach algebra A. A mapping T: X — X is called a
generalized Lipschitz mapping if there exists a vector h € P with p(h) < 1 and for all u,v € X, one has
d.(Tu,Tv) < hd.(u,v)
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Remark 2.10 In Definition 2.9, we only suppose the spectral radius of & is less than 1, while ||h|| < 1 is not
assumed. Generally speaking, it is meaningful since by Remark 2.2, the condition p(h) < 1 is weaker than
that ||| < 1.

Remark 2.11 (see [18]) If p(u) < 1, then |[u||™® = 0 (n - ).
Lemma 2.12 (see [18]) Let A be a Banach algebra with a unit e, h, k € A. If h commutes with k, then

p(h+k) < p(h) + p(k),
p(hk) < p(h)p(k).

Lemma 2.13 (see [18]) If E is a real Banach space with a solid cone P

(1). Ifay,a,,a3 € Eand a; < a, K as, then a; K az.
(2). If a; € P and a; < aj for each az > 6, thena, = 6.

Lemma 2.14 (see [1]) Let P be a solid cone in a Banach algebra A. Suppose that h € P and {x,} € Pisac-
sequence. Then {hx,} is a c-sequence.

Proposition 2.15 (see [1]) Let P be a solid cone in a Banach space A and let {u,}, {v,} © X be sequences. If
{u,} and {v,} are c-sequences and y, § > 0 then {yu, + du,} is a c-sequence.

Proposition 2.16 (see [1]) Let P be a solid cone in a Banach algebra A. and let {u,} € P is a sequence.
Then the following conditions are equivalent:

1. {u,}is ac-sequence.
2. For each ¢ > 6 there exists ny € N such that u,, < ¢ forn > n,,.
3. For each ¢ > @ there exists n; € N such that u,, < ¢ forn = n;.

1
Lemma 2.17 (see [18]) Let A be a Banach algebra with a unit e, h € A, then 1 i ny,, ||A"||= exists and the
spectral radius p(h) satisfies

1 1
p(h) = 1infih™[|n = i nflA"|[=
n—oo

If p(h) < |A], then (Ae - h) is invertible in A; moreover,

hi
(Ae—h)‘1=zﬁ

i=0
where A is a constant.

Lemma 2.18 (see [18]) Let A be a Banach algebra with a unit e and h € A. If 1 is a complex constant and
p(h) < |A],then

p((e-h) 1) € —
A= p(h)

Lemma 2.19 (see [18]) Let A be a Banach algebra with a unit e and P be a solid cone in A. Let h € A and
u, = h". If p(h) < 1, then {u,,} is a c-sequence.

Definition 2.20 (see [7]) A pair of maps S and T is called weakly compatible pair if they commute at
coincidence points.
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Example 2.21 Let X =[0,3] be equipped with the usual metric space d(x,y) = |x —y|. Define
S,T:[0,3] - [0,3] by

3—u ifuel01)

¢ _{u i fu€[0,1)
3 ifu€[13]

B3 imen3 ™ Tuz{

Then for any u € [0, 3], STu = TSu, showing that S, T are weakly compatible maps on [0, 3].

Lemma 2.22 (see [21]). Let T and S be weakly compatible self-maps of a set X. If T and S have a unique
point of coincidence w = Tu = Su, then w is the unique common fixed point of Tand S.

3 Main Results

Theorem3.1 Let (X,d.) be a CMS over Banach algebra A and P be a solid cone in A. Let h; € P (i =
1,...,5) be generalized Lipschitz constants with p(h;) + p(h, + hy + h, + hg) < 1. Suppose that h,
commutes with h, + h; + hy + hg and the mappings T, S : X — X satisfy that

d.(Tu,Tv) < hyd.(Su,Sv) + hyd.(Tu,Su) + h3d (Tv,Sv) + had.(Su, Tv) + hsd.(Tu, Sv)(3.1)

for all u, v € X. If the range of S contains the range of T and S(X) is a complete subspace, then T and S have
a unique point of coincidence in X. Moreover, if T and S are weakly compatible, then T and S have a unique
common fixed point.

Proof Supposeu, € X be an arbitrary point. Since T(X) < S(X),3 u,; € X such that Tuy, = Su,. By
induction, a sequence {Tu,} can be chosen such that Tu, = Su,,; (n = 0,1,2,...). Thus, by (3.1), for any
natural number n, on the one hand, we obtain

dc(Suny1, Suy) = de(Tuy, Tup-1)
< hldc(sun!sun—l) + hzdc(Tun!Sun) + h3dc(Tun—1'Sun—1)
+h4dc(5un' Tun—l) + hsdc(Tun' Sun—l)
= hyd (Sup, Sun—1) + hydc(Stnya, Sup) + had  (Sup, Suy_1)
+h4dc(5un'5un) + hsdc(sun+1'5un—1)
< (hl + h3 + hs)dc(sun!sun—l) + (hz + hs)dc(sun+1'5un)

This =
(e - hz - hs)dc(sun+1, Sun) < (hl + h3 + hs)dc(sun,sun_l) (32)

For another thing,

dc(sun' Sun+1) = dc(Tun—l' Tun)

< hyd (Suy_q, Suy) + hyd (Tuy_q, Suy_q) + had (Tuy,, Su,)
+h,d (Su,_q, Tuy,) + hsd . (Tu,_q, Suy)

< hydo(Sup_q, Suy) + hod (Suy, Sup_1) + had(Stpiq, Suy,)
+hed (Sty_q, Stpi1) + hsde (Suy, Suy,)

< (hy + hy + hy)d (Sup,_q, Suy) + (hs + hy)d (Su,, Sty,q)

This =
(e — hy — hy)d (Suy, Suyiq) < (hy + hy + hy)d (Su,_q, Suy,) (3.3)

Add up (3.2) and (3.3) produces that

(2@ - hz - h3 - h4 - hs)dc(sun, Sun+1) < (Zhl + hz + h3 + h4 + hs)dc(sun_l,sun) (3.4)
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Taking k = h, + h; + hy + hs, (3.4) yields that
(2€ - h)dc(sun; Sun+1) < (2h1 + h)dc(sun—l'sun) (35)

Because

p(h) < p(hy) +p(h) <1

leads to p(h) < 1 < 2, then from Lemma 2.17, it concludes that 2e — h is invertible. Furthermore,

(Ze—h) 1= F

i=0
In both sides of (3.5), multiplying by (2e — h) ™2, we attain at
d.(Su,, Supy1) < (2e — h)™1(2h, + h)d (Su,_q, Su,) (3.6)
Taking (2e — h)"1(2h; + h) = k, by (3.6), we reach
d(Suy, Suyy1) < kd.(Suy,_q,Suy) < ... < k™d (Sug, Suy) = k™d (Sug, Tug) (3.7)
Because h; commutes with h, it follows that

(2e — W)™ (2hy + h) = N0 0y 2y + h)

= 2(220 ) b + (S20577) 1
=2h (Z?ioz?_;l) + Z?‘;o};:—: '

= 2hy (S203) + 1 (2203)
= (2hy + h) S0 s

= (2hy + 1) (2e — h)™*

To say that (2e — h)~! commutes with (2h; + k). By Lemma 2.12 and Lemma 2.18, we avail

p() = p((2e = B)™(2hy + h))
< p((2e — ) ™Hp(2hy + h)
< o 2p() + (W] < 1

which shows that e — k is invertible and [|k™| — 0 (m — o). Hence, for anym > 1; p>1and k € P
with p(k) < 1, we obtain that
dC(Sum,Sum+p) < do(Sup, Supmyq) + d(Sum+1,Sum+p)
< dc(sum!sum+1) + dc(sum+115um+2) + dc(Sum+2!Sum+p)
< do(Supm, Sumer) + dc(Stmypr, Stmy) + ...+dc(Sum+p_1,Sum+p)
< k™d (Sug, Tug) + k™ 1d, (Sug, Tug)+.... +k™ P~ 1d (Suy, Tuy)
=k™[e + k+.... +kP~1]d (Suq, Tug)
< k™(e — k)7*d (Sug, Tup) (3.8)
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With advantage of Lemma 2.19 and Lemma 2.14, we obtain {Su,} is a Cauchy sequence. Since S(X) is
complete, 3 z € S(X) such that Su,, - z (n > ). Thus 3 w € X such that Sw = z. We shall certify Tw =
z. In order to finish this, for one thing,

d.(Su,, Tw) = d (Tu,_,, Tw)

< hid (Suy_q, SW) + hyd (Tuy_q, Suy_q) + hyd (Tw, Sw)
+h,yd (Suy_1, TW) + hsd (Tu,_,, SW)
= h,d.(Sup_q,2) + h,d.(Sup, Su,_q) + hyd (Tw, 2)
+h,d (Suy_q1, TW) + hsd (Suy, 2)
< hldc(sun—lﬁz) + hZ [dc(sun!z) + dC(Z, Sun—l)] + h3 [dc(TW! Sun) + dc(Sun!Z)]
+h,[d.(Suy_q,2) + d.(z,Suy) + d.(Su,, Tw)] + hsd . (Suy,, z)

This =

(e — hg — hy)d.(Su,, Tw) < (hy + hy + hy)d . (Su,_q,2) + (hy + hy + hy + ho)d.(Su,,z) (3.9)
On the other hand, we obtain

d.(Su,, Tw) = d (Tu,_1,Tw) = d.(Tw, Tu,_,)
< hyd (Sw, Su,_q) + hyd (Tw,Sw) + hyd (Tup_q, Sup_1)
+h,d . (Sw,Tu,_1) + hsd (Tw, Su,,_;)
= hd (2, Su,_1) + h,d (Tw, z) + h3d (Su,, Sup_1)
+h,d.(z,Suy,) + hsd (Tw, Su,_,)
< hyd.(z,Su,_1) + hyld (Tw, Suy,) + d.(Suy,, z)]
+h3 [dc(sunrz) + dc(z' Sun—l)] + h4dC(Z, Sun)
+hg[d.(Tw, Suy) + d.(Su,, z) + d.(z, Su,_1)]

This =

(e - hz - hs)dc(sun, TW) < (hl + h3 + hs)dc(sun_l, Z) + (hz + h3 + h4 + hs)dc(sun, Z) (3.10)
Combine (3.9) and (3.10), it follows that

(2e —hy —hy —hy — hg)d (Su,, Tw) < (2hy + hy + hs + hy + hs)d (Su,_4,2)
+2(h, + hs + hy + hs)d.(Suy, 2)
= (2e — h)d.(Su,, Tw) < (2hy + h)d.(Su,_4,2) + 2hd . (Su,, z)

Because
p(h) < p(hy) +p(h) <1 (3.11)

thus by Lemma 2.17, it concludes that 2e — h is invertible. As a result, it follows immediately from (3.9)
that

d.(Suy, Tw) < ((2e — ) [(2hy + h)do(Stty_s, Z) + 2hd,(Siy, 2)]

Since {d.(Su,_1,2)} and {d.(Su,_q,2)} are c¢ -sequences, then by Lemma 2.14, we acquire that
{d.(Su,, Tw)} is a c-sequence, thus Su, - Tw (n - ). Hence Tw = Sw = z. In the following we shall
show T and S have a unique point of coincidence.

If 3w’ # w such that Tw’ = Sw’. Then we obtain

d.(Sw',Sw) =d (Tw',Tw)
< hyd (Sw',Sw) + hd (Tw',Sw") + hyd . (Tw, Sw)
+h,d . (Sw',Tw) + hgd . (Tw', Sw)
= (hy + hy + hs)d (Sw', Sw)
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Sety = hy + hy + hg, then it follows that

d.(Sw',Sw) < yd.(Sw',Sw) <...< y"d.(Sw’,Sw) (3.12)
Because of

p(h) < p(hy) +p(h) <1
Since h; commutes with h, then by Lemma 2.12,

p(hy +h) < p(hy) +p(h) <1

Accordingly, by Lemma 2.19, we speculate that {(h; + h)™} is a c-sequence. Noticing that y < hy + h leads
to y™ < (hy + h)™, we claim that {y"} is a c-sequence. Consequently, in view of (3.12), it is easy to see
d.(Sw',Sw) = 0 that is, Sw' = Sw.

Finally, if (T, S) is weakly compatible, then by using Lemma 2.22, we claim that T and S have a unique
common fixed point.

Corollary 3.2 Let (X,d,) be a CMS over Banach algebra A and let P be the solid cone with h € P where
p(h) < 1. Suppose the mappings T, S : X — X satisfy generalized Lipschitz condition:

d.(Tu,Tv) < hd.(Su, Sv) (3.13)

for all u, v € X. If the range of S contains the range of T and S(X) is a complete subspace, then T and S have
a unique point of coincidence in X. Moreover, if T and S are weakly compatible, then T and S have a unique
common fixed point.

Proof Choose h; = h and h, = h; = hy, = hg = 0in Theorem 3.1, we complete the proof.

Corollary 3.3 Let (X,d,) be a CMS over Banach algebra A and let P be the solid cone with h € P where
p(h) < 1. Suppose the mappings T, S : X — X satisfy generalized Lipschitz condition:

d.(Tu,Tv) < h[d.(Tu,Sv) + d.(Tv, Su)] (3.14)

for all u, v € X. If the range of S contains the range of T and S(X) is a complete subspace, then T and S have
a unique point of coincidence in X. Moreover, if T and S are weakly compatible, then T and S have a unique
common fixed point.

Proof Choose h, = hs = h and hy = h, = h; = 0 in Theorem 3.1, the proof is valid.

Corollary 3.4 Let (X,d.) be a CMS over Banach algebra A and let P be the solid cone with h € P where
p(h) < 1. Suppose the mappings T, S : X — X satisfy generalized Lipschitz condition:

d.(Tu,Tv) < h[d.(Tu,Su) + d.(Tv, Sv)] (3.15)
for all u, v € X. If the range of S contains the range of T and S(X) is a complete subspace, then T and S have
a unique point of coincidence in X. Moreover, if T and S are weakly compatible, then T and S have a unique

common fixed point.

Proof Choose h, = h; = h and h; = h, = hg = 0 in Theorem 3.1, the claim holds.
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Corollary 3.5 Let (X,d.) be a complete CMS over Banach algebra A and P be a solid cone in A. Let
h; € P (i = 1,...,5) be generalized Lipschitz constants with p(h,) + p(h, + hs + h, + hs) < 1. Suppose
that h; commutes with h, + h; + h, + hs and the mapping T: X — X satisfies that

d.(Tu,Tv) < hyd.(u,v) + hyd,.(Tu,w) + hyd . (Tv,v) + hyd.(u, Tv) + hsd . (Tu, v) (3.16)
for all u, v € X, then T has a unique fixed point in X.
Proof Taking S = Iy (Identity mapping) in Theorem 3.1, the proof is valid.
Remark 3.6

1. If we take S = Iy and choose h; = h and h, = h; = hy = hg = 0 in Theorem 3.1, we get Theorem
3.1 of Shaoyuan Xu and Stojan Radenovic [1].

2. If we take S = Iy and choose hy, = hy = h and h; = h, = h; = 0 in Theorem 3.1, we have
Theorem 3.2 of Shaoyuan Xu and Stojan Radenovic [1].

3. If we take S = Iy and choose hy = hy = hy =0 andh, = h; = h in Theorem 3.1, we obtain
Theorem 3.3 of Shaoyuan Xu and Stojan Radenovic [1].

Example 3.7 Let X = [0,1] and A be the set of all real valued functions on X which also have continuous

derivatives on X with the norm |[u]l = |lulle + |lt'll and the usual multiplication. Let P = {u €

A,u(t) =0,t € X}. 1t is clear that P is a nonnormal cone and A is a Banach algebra with a unite = 1.

Define a mapping d.: X X X = A by d.(u,v) = |u — v|e’. We make a conclusion that (X, d.) is a complete

CMS over Banach algebra A. Now define the mappings T,S5:X = X by Tu =§ and Su = % Choose
1+t 1+t 1+t

hy =—,h, =—,h; = —, h, = hg = 0. Simple calculations show that all conditions of Theorem 3.1 are
8 12 16

satisfied. Therefore, O is the unique common fixed point of T and S.
4 Conclusion

In this paper, we proved the some fixed point and common fixed point theorems under contractive type
conditions in CMS over Banach algebras. Our results are more general than that of the results of Shaoyuan
Xu and Stojan Radenovic [1]. This result can be extended to other spaces. Example is constructed to support
our result.
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